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Abstract 

The Yang-Mills equations are formulated in the form of generalized 
Maurer-Cartan equations, such that the corresponding algebraic opera- 
tions are shown to satisfy the defining relations of homotopy Lie superal- 
gebra. 



1 Introduction 

It is well-known in the context of open String Field Theory (SFT) (see [1]- [3] 
for review) that in the case of abelian Lie algebra, the Yang-Mills equations can 
be obtained from the following relation: 

Q|0> = o, (l) 

where Q is the BRST operator of open String Theory [4], [5] and the state \<p) 
corresponds to the operator of ghost number 1: 

<£(°> = cA^ {X)dX^ - dcd^ (X). (2) 

Similarly, the gauge transformation of this abelian gauge field: — » A^ + d^X 
can be obtained by means of the transformation 

\4>) -» I0) + Q|A), (3) 

where |A) is a state corresponding to the appropriate operator of ghost number 
0. However, it remains unclear, how to extend this cohomological structure to 
the nonabelian case. In papers [6], [7], the nonabelian versions of Yang- Mills 
actions were obtained from the effective actions of canonical open SFT [5] and 
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WZW-like superSFT [5] correspondingly. In this paper, we follow another way: 
we enlarge the space of states associated with the gauge transformations and 
gauge fields by the appropriate states corresponding to the operators of ghost 
number 2 and 3, which altogether form a space of a short chain complex with 
respect to the operator Q. Then, we consider its tensor product with some Lie 
algebra g (obviously, this will not spoil the structure of this chain complex, since 
the BRST operator acts trivially on g). After that, we explicitly construct the 
graded antisymmetric bilinear and 3-linear operations on this space. We show 
that together with the BRST operator they satisfy the relations of a homotopy 
Lie superalgebra (this is a supersymmetric generalization of [TU], [H]). The 
bilinear operation appears to be that considered in [T2] at the lowest orders in 
a'. After these constructions we show that the Yang-Mills equations correspond 
to the generalized Maurer-Cartan equation associated with this homotopy al- 
gebra, and the associated Maurer-Cartan symmetries correspond to the gauge 
symmetries of Yang-Mills. It is worth noting that the equations of motion in 
10-dimensional supersymmetric Yang-Mills theory was already formulated in 
the Maurer-Cartan form for some differential graded Lie algebra (however, in 
the different context) in [13] . 

2 Generalized Maurer-Cartan Form of 
Yang-Mills Equations. 

1. Notation and Conventions. 

CFT of open strings and BRST operator. We consider the open String 
Theory in D-dimensional space on the disc conformally mapped to the upper 
half-plane, and we fix the operator products between the coordinate fields as 
follows [5]: 

X»( Zl )X v {z 2 ) ~ -r ] ^\og\z 1 -z 2 \ 2 -r 1 ^\og\z 1 -z 2 \ 2 , (4) 

where rf 1 ' is the constant metric in the flat £>-dimensional space either of Eu- 
clidean or Minkowski signature, such that the mode expansion is 

n— -t-oc 

X^(z)=x^ -i2p^\og\z\ 2 +i V ^-(z~ n + z- n ) (5) 

n— — oo,n^0 

[x»,p v ] = irT, K, <J - ^ v n5 n+mfi . (6) 

We note that we put usual a 1 parameter equal to 2 5 J. We also give the 
expression for the BRST operator [4] , [5] : 

Q= <£ dz(cT + bcdc), T = —l/2dX IJ, dX tl , (7) 

where normal ordering is implicit and b, c are the usual ghost fields of conformal 
weights 2 and —1 correspondingly with the operator product 

c(z)b(w) —. (8) 

z — w 
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We define the ghost number operator N g by 

oo 

Ng = 3/2 + l/2(c 6 - b Q c ) + ^(c_„6„ - 6_„c„). (9) 

n=l 

The constant shift (+3/2) is included to make the ghost number of the SL(2, C)- 
invariant vacuum state |0) be equal to 0. 

Bilinear operation and Lie brackets. In this paper, we will meet two bilin- 
ear operations [■, ■], [•, -]h- The first one, without the subscript, denotes the Lie 
bracket in the given Lie algebra q and the second one, with subscript h, denotes 
the graded antisymmetric bilinear operation in the homotopy Lie superalgebra. 
Operators acting on differential forms. We will use three types of opera- 
tors acting on differential forms (possibly Lie algebra- valued) . The first one is 
the de Rham operator d. The second one is the Maxwell operator m, which maps 
1-forms to I-forms. Say, if A is 1-form, then raA = (d^d^A^ — d u d ll A^)dx 1 ' , 
where indices are raised and lowered w.r.t. the metric rf v . The third operator 
maps 1-forms to 0-forms, this is the operator of divergence div. For a given 
1-form A, divA = d^A 1 *. 

2. BRST short chain complex. Let's consider the following states 

Pu = u(x)\0), A = (-icxA^a^ - c a d^A"(x))\0), 

ipw = -icx c W li (x)a t L 1 |0), Xa = 2cic o c_ia(x)|0) (10) 

corresponding to the operators 

u(X), cA^(X)dX t " -dcd^iX), cdcW fl (X)dXi", cdcd 2 ca(X), (11) 

associated with functions u(x), a(x) and 1-formsA = A fl (x)dx fl ,W = W fjL {x)dx^ 1 
It is easy to check that the resulting space, spanned by the states like (fTU)) , is 
invariant under the action of the BRST operator, moreover the following propo- 
sition holds. 

Proposition 2.1. Let the space T he spanned by all possible states of the form 
H10\). Then we have a short chain complex: 

_» C ^ T° ^ T l ^ T 2 ^ T z -» 0, (12) 

where T l (i=0,l,2,3) is a subspace of T corresponding to the ghost number i 
and Q is the BRST operator 

Proof. Really, it is easy to see that we have the following formulas: 

QPu = 20du, Q4>a = 2^mA, Ww = -XdivW, QXa = 0. (13) 
Then the statement can be easily obtained. ■ 

Remark. From (|T3"|) . one can see that the first cohomology module Hq(!F) 
can be identified with the space of abclian gauge fields, satisfying the Maxwell 
equations modulo gauge transformations. 
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Now, we introduce the BRST complex which will play the main role in 
further constructions. Let's consider some Lie algebra g and take a tensor 
product of the complex (Tj"2"]) with g. In such a way, we get another chain 
complex: 

Q- fl (14) 

where JF* = T l ® g and Q = Q ® 1. In the following, we will keep the same 
notation (p~0|) for the elements of F = ©f =1 J r ! !, one just need to bear in mind 
that the 1-forms and functions, which are associated with the elements of T s , 
are now g- valued. 

3. Definition of algebraic operations. We define 

[.,.} h :F g ®F g ^Fi+j, (15) 
[• rr ] h :J*<8>?i®J*^J* +i+k - 1 , (16) 

which are respectively graded (w.r.t. to the ghost number) antisymmetric bi- 
linear and 3- linear operations (here obviously, T l 5 = for i < and i > 3). The 
bilinear one is defined by the following relations on the elements of J- s : 

[pu,Pv]h = 2P[u,v]> 0a]/i = 20[ Ui A], [Pu> V'W'lft = 20[ U ,W]) 

where u, v € F®, </>a, </>b € .F*, i/>w G ^> Xa and we denoted 

{A,B} = ([A^dOBv] + [B„,aM„] + [dvA^B*] + (18) 
[d v B l >,A»]+d' i [A ll ,B u ] + di i [B lt ,A u ])dx u , 
A W = [A",W M ]. 

The operation (fT6)) is defined to be nonzero only when all arguments lie in T 1 
and for </>a, <Pb, 0c S .F 1 we have: 

[0A,0B,0c]ft = 2V>{A,B,C}, (19) 

where we denoted 

{A, B, C} = (LV a] + [Bp, [A", a] + [Cp, [B", A„] + 

[Bp, [C\ A„] + L4 M , [C, Bj,] + [C„, [A^B v ])dx v . (20) 

Here, we note that the bilinear operation, defined in this subsection, corresponds 
to the lowest orders in a' of that introduced in [T2"] . 

4. Homotopy structure of Yang-Mills theory. We claim that the graded 
antisymmetric multilinear operations, introduced in paragraph 3, satisfy the 
relations of a homotopic Lie algebra. Namely, the following proposition holds. 



4 



Proposition 2.2. Let ai, a 2l a 3 ,b, c G F. T/ien the following relations hold: 



Q[ai,a 2 ]h = [Qai,a 2 } h + [ai, Qf^h, 

Q[ai, 02, a 3 ] h + [Qai, a 2 , a 3 ]h + (-l)" ai [01, Qa 2 , a 3 ]?i + 
(-l) n «i +"»2 [ ai ,a 2 , Qa 3 ] ft + [ai, [a 2 ,a 3 ]ft]/, - [[01, a 2 ] h , a 3 ] h - 
(-l)«»i^2 [a2,[oi,a3]/i]h = 0, 

[&, [ai,a 2 ,a 3 ]/ l ]/ l = [[6, ai]^, a 2 , a 3 ] h + (-l)" ai " b [ai, [b, a 2 ] h , a 3 ] h + 
{-l) {n ^ +na * )nb [ax,a 2 ,[b,a 3 ] h ] h . 

[[ai,a 2 ,a 3 ] h ,b,c] h = 0. (21) 

The proof is given in Section 3. 

Denoting do = Q, d\ = [-,-]h, d 2 = [•, v]fc> the relations (f2"Tj) together with 
condition Q 2 = can be summarized in the following way: 

D 2 = 0, (22) 

where D = do + 6d% + 9 2 d 2 . Here, 9 is some formal parameter anticommut- 
ing with do and d 2 . We remind that do raises ghost number by 1, d\ leaves it 
unchanged while d 2 lowers ghost number by 1. Therefore, do ,d 2 are odd ele- 
ments as well as the parameter 9, but d\ is even. Hence, (|2"2"j) gives the following 
relations: 

c?q = 0, dodi — dodi = 0, didi + dod 2 + d 2 do = 0, 

d x d 2 - d 2 di = 0, d 2 d 2 = 0, (23) 

which are in agreement with (|21[) . 

Proposition 2.3. Let 4>a be the element of associated with 1-form A = 
A^dx^ and p u be the element of J® associated with Lie algebra-valued function 
u(x). Then the Yang-Mills equations for A and its infinitesimal gauge transfor- 
mations: 

dpF^ + [A^F» V ] = 0, = d^A v - d v A^ + [A^A V ], (24) 

A^ —y A^ + e(d^u + [A^, u]) (25) 

can be rewritten as follows: 

Q0A + ^[0A,0A]h + ^[0A,0A,0A]h = 0, (26) 
4>A — > 4>A + ~(<2Pu + [4>A,Pu]h)- (27) 
Proof. Really, from the definition of the brackets, one can see that: 
Q4> A = 2^ Wl , W lM = dud" - d^d v A v , 

[4>A, <t>A]h = 2 • 2!^w 2 , W 3fl = [d v A u , Afj] + 2[A V , d v A^ - [A u , d»A v ], 
^A,0A,^A]h = 2-3!^w 3 , W 3ll = [A v ,[A v ,A ll ]). (28) 
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Summing these identities, we see that equation is equivalent to 

2^ w = 0, r-^ + ^.FH. (29) 

Since we got one-to-one correspondence between the state ipw and 1-form W, 
we see that equations and (f2"6")l are equivalent to each other. 
Using the formula 

Qpu + [<pA,Pu]h = 2<?W+[A,u], (30) 

one obtains that (|2"5|) coincides with ([23]) . which leads to the equivalence of 
gauge transformations. This finishes the proof. ■ 

3 Proof of Homotopy Lie Superalgebra Rela- 
tions 

In this section, we prove Proposition 2.2. 
Let's start from the first relation: 

Q[ai, a 2 ] h = [fioi, a 2 } h + M)"" 1 [a±, Qa 2 ] h . (31) 

We begin from the case when a\ = p u G J-2. Then, for a 2 — p v G J-® we have: 

Q[Pu,Pv]h = 40d[ U) „] = [p u , 2(f>dv]h + [2<t>du,Pv]h = [Qpu, Pv]h + [pu, QPv]h- (32) 

Let a 2 — 4>a G Then 

Q[Pu,Mh = 40 m [ n .A]- (33) 

We know that 

m[u, A] = {d^[u,A v ] - d u d^[u,A»])dx u . (34) 
At the same time 

[Qpu, ^a] h = 2[4>du, <f>A]h = ^ipy, (35) 

where 

Y v = 2[d M u, WAv] + 2[A M d"d u u} + [d v d^u, A»] + 

[d u A„, d»u] + [dpdfu, A v ] + [c^, cU] (36) 

and 

[Pu, 20a]/! = #[ u ,mA]. (37) 

Summing (f35|) and (f37|) . we get (|33|) and, therefore, the relation (j3Tj) also holds 
in this case. The last nontrivial case with ai — p u is that when a 2 = ip-w- We 
see that 

Q[ftu,tfav]h = — 2V>div[«,W] = -Zlpdu-W + 2^[ u ,divW] = 

[Qp u , ihv]h + [pu, Qfw]h- (38) 
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Let's put ai = 4>a £ Fg. Then for a 2 = 0b £ , we get 

Q[0A, 0b]/i = -2Xdiv{A,B}- (39) 

Wc find that 

div{A,B} - [d v A^B v \ + [A^d v B v + [d v B^A v \ + 
+[d v dTB„ A»] + [d v B„ d"A»] + d^d u ([A^ B v ] + [B M , A v \ = 
Wd v A^ - dfj,d v A u , B»] + [STduBp - d^d v B v ,A"] = 
(mA) • B + (mB) • A. (40) 

This leads to the relation: 

- 2Xdiv{A,B} = -2X(mA)-B - 2x( mB )-A = [Q<t>A, 0b] - [4>A, <90b]- (41) 

Therefore, ([31]) holds in this case. 

It is easy to see that relation (|3ip. for the other values of a\ and a 2 , reduces 
to trivial one = 0. Thus, we proved |3"Tj). 

Let's switch to the proof of the second relation including the graded anti- 
symmetric 3-linear operation: 

Q[ax,a 2 ,a 3 ]h + [Qax, a 2 , a 3 ] h + (-1)™" 1 [ax, Qa 2 , a 3 ] h + 
(_l)"»i +™»2 [ ai , a 2 , Qa 3 ] h + [ax, [a 2 ,a 3 ] h } h - [[ax, a 2 ]h, a 3 ] h - 
(-l) n ^[a 2 ,[ax,a 3 ] h ] h = 0. (42) 

It is easy to see that (|42l) is worth proving in the cases, when ax £ J 7 ^, a 2 e J 7 ^, 
a 3 E and ax £ J 7 ^, a 2 e JF*, a 3 E fj, For the other possible values of 
ai,a 2 ,a 3 , the relation (|42|) reduces to permutations of the above two cases or 
simple consequences of Jacobi identity for the Lie algebra g. 

So, let's consider ax = p u £ Fg, a 2 = a G J 7 ^ , 03 = 0b £ 3~ $ ■ In this case, 
(|42|) reduces to 

[Q/0«, 0A, 0b]/i + [Pu, [0A, 0b]/i]/i ~ [[Pu, 0a]/i, 0b]/i ~ [0A, <f>B,]h]h = (43) 

or, rewriting it by means of the expressions for appropriate operations, we get: 

V>{d«,A,B} + 0[«,{A,B}] - ^{A,[tt,B]} - ^{B,[u,A]} = 0. (44) 

Therefore, to establish (|43|) . one needs to prove: 

{du, A, B} + [«,{A,B}] - {A, [u,B]} - {B, [it, A]} = 0. (45) 

Really, 

{A, [it, B]} = (2[A M , [d»u, B v ]] + 2[A^, [it, d>>B v \] - 
2[d M A u , [u, B»] + [d v A, l: [u, B»}} + [[d„u, B^A"] + 
[[u, d v B ll ],A> t ] - [A v , [d"u, B^}] - [A v , [u, d^]] + 
[& 1 A l „[u,B v ]])dx u . (46) 
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Rearranging the terms and using Jacobi identity, we find that 

{A, [u, B]} + {[«, B], A} = ([«, (2L4 M , 0"fl„] + 2[B„, + 

[dvAp, B»] + [d v B^ A»\ - [A v , 0„B"] + [5%, B v ])] + 

L4 M , [0^,5,,] + [a"n, A„] + L4 M , + 

[Wu, [Bp, A v ] + + [fl"u, L4 M , B^Ddx" = 

{dti,A,B} + [«,{A,B}]. (47) 

In such a way we proved (|43p . 

Let's consider the case, when a! = 0a G -^"g, a 2 = <Pb £ .Fg, a 3 = S J 7 , 
For this choice of variables, ([42 p has the following form: 



Q[0A, </>B, </>c]/i + [</>A, [</>B, 4>c]h]h ~ [[<t>A, 4>B,]h, 4>c]h + 
[0B,[0A,0c]h]h = (48) 

or, on the level of differential forms, 

div{A, B, C} + A • {B, C} + C • {A, B} + B {C, A} = 0. (49) 

To prove (|49"]) , we write the expression for C • {A,B}: 

C • {A, B} = 2[C, [Ap, d^Bv]] - 2[C [0^, B"] + 

2[<T, + [C, [0„B M , A' 1 ]] - [C", [A v , 0^]] + 

\C\ [0^, B v ]] = -([C, [0^, + [C", [fyA,, B^]] + 

[0"B„, [C, + [C", B»}} + [C\ [A v ,d^]} + 

[C", [B v , d^}}) + [A M , [C v , d»B v }} + [Bp, [C,d^]} - 

[C", [A v , d^B"]] - [C», [B„,d„A»]]. (50) 

In order to obtain the last equality, we have used Jacobi identity from g. Now, 
we observe that adding to ([50]) its cyclic permutations, that is A • {B, C} and 
B • {A, C}, one obtains that the sum of cyclic permutations of terms in circle 
brackets (see last equality of (|50l) ) gives div{A,B,C} while all other terms 
cancel. This proves relation (|4"9"|) and, therefore, (|4"8")) . Hence we proved (j4"2"]) . 
The relations left are: 

[b, [ai,a2,a 3 ]h]h = [[b, ax]h, a 2 , as]h + {-l) nainb [ai, [b,a 2 ]h,a 3 ] h + 
(-l) {n ^ +na ^ nb [ai,a 2 ,[b,a 3 ] h } h , 

[[01,02,03^,6, c]h = 0. (51) 

However to prove the first one, it is easy to see, that this relation is nontrivial 
only, when b G J-^ and a, £ J-^. Therefore, it becomes a consequence of Jacobi 
identity from g. The second one is trivial since the 3-linear operation takes 
values in and it is zero for any argument lying in . 
Thus, Proposition 2.2. is proved. 
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4 Conclusion 



In this paper, we have shown that the equations of motion of Yang-Mills theory 
possess a formal Maurer-Cartan formulation. We have noted that the bilinear 
operation in the homotopy Lie superalgebra which we considered here, corre- 
sponds to the lowest orders in a' of that introduced in [T3]- One might expect, 
as we already mentioned in [12] , that extending our formalism to all a' correc- 
tions, we would be able to reproduce the equations of motion corresponding to 
nonabelian Born-Infcld theory which is the conformal invariance condition of 
the associated sigma model. 

The same approach should be appropriate for gravity: in papers |12j . [15] . 
[Tfi] motivated by the structures from closed SFT [TT] , we constructed the bilin- 
ear operations on the corresponding operators which should be associated with 
some homotopy Lie algebra. In this case, the first order formalism, introduced 
in [T3] , [IS] , looks very promising since the associated CFT is the simplest possi- 
ble and the geometric context is undestroyed. Therefore, we are looking forward 
to introduce the homotopy Lie algebra structure in Einstein equations. 
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